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Abstract: We consider pulsating strings in Lunin-Maldacena backgrounds, specifically in
deformed Minkowski spacetime and deformed AdS5×S5. We find the relation between the
energy and the oscillation number of the pulsating string when the deformation is small.
Since the oscillation number is an adiabatic invariant it can be used to explore the regime
of highly excited string states. We then quantize the string and look for such a sector. For
the deformed Minkowski background we find a precise match with the classical results if
the oscillation number is quantized as an even number. For the deformed AdS5 × S5 we
find a contribution which depends on the deformation parameter.
Keywords: AdS/CFT Correspondence, Pulsating Strings, Lunin-Maldacena
Background.
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1. Introduction
Integrability is an important tool for the understanding of several aspects of the AdS/CFT
correspondence [1]. The energy of strings in AdS5 × S5 and anomalous dimensions of
gauge invariant operators in planar N = 4 super Yang-Mills theory have been successfully
compared with the predictions of the thermodynamic Bethe ansatz in several limits [2].
Being functions of the string tension and charges these quantities usually have intricate
expressions. Strings at the semiclassical level correspond to operators with large charges in
the field theory and a reasonable understanding of this situation has been achieved [3, 4].
On the other side, when the semiclassical parameters are small, corresponding to short
operators in the field theory, results for folded strings [5, 6] and pulsating strings [7] are
providing new data to support the correspondence.
Despite the huge progress got so far in the AdS5×S5 case it is also important to under-
stand situations with less supersymmetry. One such a case is the planar gauge theory with
a beta deformed superpotential leading to a marginally conformal N = 2 supersymmetric
gauge theory [8, 9]. The dual gravitational background was found by Lunin and Malda-
cena [10] and in the case of AdS5 × S5 it consists of a deformation of S5 through a real
parameter γˆ which keeps the anti-de Sitter part intact while the dilaton and some RR and
NS-NS fields are turned on. Both, string and gauge theories, also show signs of integrabil-
ity [11, 12, 13, 14, 15] with the corresponding Y-system being discussed recently [16, 17].
Several spinning and rotating string configurations were considered in Lunin-Maldacena
backgrounds. However one important class of strings, pulsating strings, have not received
much attention so far. They have been studied in AdS5×S5 [18, 19, 20, 21, 22, 23, 24, 25],
AdS4 × CP 3 [26, 27] and other backgrounds [28],[29],[30],[31]. In the context of deformed
geometry it was found that pulsating and rotating strings in AdS5×S5 are images of point
like strings living in the deformed space [32]. In this paper we will provide some results for
pulsating strings in deformed backgrounds when the deformation is small.
Since the classical motion of a pulsating string is periodic we can use its oscillation
number1 N =
∮
pdq/2pi and its energy to characterize the dynamics. The string oscillation
1Here p is the canonical momentum to the oscillating coordinate q.
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number is not one of the string charges but it is very useful to describe the behavior of
pulsating strings as shown in the AdS5×S5 case [24, 7]. So we consider pulsating strings in
deformed Minkowski spacetime and AdS5×S5γˆ to find the relation between the energy and
the oscillation number in the regime of small deformation. Since the oscillation number
is an adiabatic invariant it can provide some information about the semi-classical regime
where N is very large. We then perform the quantization of the string looking for highly
excited string states and compute its energy in perturbation theory. When we consider
the deformed Minkowski spacetime we find full agreement if the oscillation number is
quantized as an even number. In the AdS5 × S5γˆ case we consider only strings oscillating
in the deformed sphere since AdS5 is not deformed and the solutions in this sector would
be the same as in the undeformed case. We find that the oscillation number can be
expressed in terms of elliptic functions. We derive the relation between the energy and
the oscillation number for short strings in the low energy regime. When the deformation
vanishes we recover the results for AdS5 × S5 [7]. In the case of large energy we consider
the quantization of highly excited strings up to second order in perturbation theory and
we find that the energy has a new term proportional to the deformation parameter which
is not present in the classical relation between the energy and the oscillation number. We
also discuss the contributions coming from the fluctuations of the radial AdS coordinate.
This paper is organized as follows. A short discussion of the Lunin-Maldacena back-
grounds is presented in the next section. In Section 3 we consider pulsating strings in the
deformed Minkowski spacetime and in Section 4 we consider the case of AdS5×S5γˆ . Finally
in Section 5 we present some conclusions.
2. Lunin-Maldacena Backgrounds
The beta deformed N = 4 SYM gauge theory has a U(1)×U(1) global symmetry which is
realized geometrically as an isometry of a two torus in the dual string background. It can
also be understood as a TsT transformation applied to AdS5×S5 and can be generalized to
other backgrounds as well [14, 33]. Keeping with the standard notation the real deformation
parameter in the string side is denoted by γ. Then the Lunin-Maldacena background is
given by [10]
ds2 = R2
ds2AdS5 + 3∑
i=1
(dµ2i +Gµ
2
i dφi) + γˆ
2µ21µ
2
2µ
2
3G
(
3∑
i=1
dφi
)2 , (2.1)
B2 = γˆR
2G
(
µ21µ
2
2 dφ1 ∧ dφ2 + µ22µ23 dφ2 ∧ dφ3 − µ21µ23 dφ1 ∧ dφ3
)
,
e2Φ = e2Φ0G,
C2 = −48piN γˆ ω1 ∧ dψ,
C4 = 16piN (ω4 +Gdω1 ∧ dφ1 ∧ dφ2 ∧ dφ3),
where B2 is the NS-NS two-form potential, C2 and C4 are the two and four-form RR
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potentials respectively, Φ is the dilaton, and
ds2AdS5 = − cosh2 ρ dt2 + dρ2 + sinh2 ρ
(
dΨ2 + sin2 ΨdΦ21 + cos
2 ΨdΦ22
)
, (2.2)
G−1 = 1 + γˆ2
(
µ21µ
2
2 + µ
2
2µ
2
3 + µ
2
1µ
2
3
)
, (2.3)
dω1 = sin
3 α cosα sin θ cos θdα ∧ dθ, ωAdS5 = dω4, (2.4)
3∑
i=1
µ2i = 1, γˆ = R
2γ, R4 = 4pieΦ0N, (2.5)
with R being the AdS radius. Notice that only the S5 sphere has been modified and that
when γˆ = 0 we recover the original AdS5 × S5 background.
We can solve the constraint in (2.5) by introducing spherical like coordinates
µ1 = sin θ cosψ,
µ2 = cos θ, (2.6)
µ3 = sin θ sinψ,
so that the metric and the KR field become
ds2 = R2
{
ds2AdS5 + dθ
2 + sin2 θdψ2+
+G
[
sin2 θ cos2 ψ
(
1 + γˆ2 sin2 θ cos2 θ sin2 ψ
)
dφ21+
+ cos2 θ
(
1 + γˆ2 sin4 θ cos2 ψ sin2 ψ
)
dφ22 +
+ sin2 θ sin2 ψ
(
1 + γˆ2 sin2 θ cos2 θ cos2 ψ
)
dφ23
]
+
+2Gγˆ2 sin4 θ cos2 θ sin2 ψ cos2 ψ (dφ1dφ2 + dφ2dφ3 + dφ1dφ3)
}
, (2.7)
B2 = R
2γˆG sin2 θ
(
cos2 θ cos2 ψdφ1 ∧ dφ2 + cos2 θ sin2 ψdφ2 ∧ dφ3−
− sin2 θ sin2 ψ cos2 ψdφ1 ∧ dφ3
)
, (2.8)
where now
G−1 = 1 + γˆ2 sin2 θ(cos2 θ + sin2 θ cos2 ψ sin2 ψ). (2.9)
We will use this form to study pulsating strings.
The Lunin-Maldacena deformation technique can also be applied to the ten dimensional
Minkowski spacetime [10]. The result is simpler than in the AdS5 × S5 case and it will be
used in the next section as a background for pulsating strings even though no dual gauge
theory is known. The ten dimensional Minkowski spacetime is split into a four dimensional
one and the remaining six dimensional space is deformed resulting in
ds2 = ηµνdx
µdxν +
3∑
i=1
(
dr2i +Gr
2
i dφ
2
i
)
+ γ2r21r
2
2r
2
3G
(
3∑
i=1
dφi
)2
, (2.10)
B2 = γG
(
r21r
2
2 dφ1 ∧ dφ2 + r22r23 dφ2 ∧ dφ3 − r21r23 dφ1 ∧ dφ3
)
,
e2Φ = G, G−1 = 1 + γ2
(
r21r
2
2 + r
2
2r
2
3 + r
2
1r
2
3
)
.
No RR fields are present in this case. As expected, the limit γ = 0 reproduces the ten
dimensional Minkowski spacetime.
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3. Pulsating Strings in Deformed Minkowski Spacetime
To consider pulsating strings in (2.10) we will use spherical coordinates defined by
r1 = r sin θ cosψ, r2 = r sin θ sinψ, r3 = r cos θ. (3.1)
Firstly we choose a string at the origin of the Minkowski spacetime and with ψ = pi/2,
φ1 = φ2 = 0 and θ fixed so that the metric becomes
ds2 = −dt2 + dr2 +Gr2 cos2 θdφ23, (3.2)
G−1 = 1 + γ2r4 sin2 θ cos2 θ. (3.3)
With this choice the coupling of the string to the B2 field vanishes. We now consider an
ansatz for a pulsating string that is wound in φ3 and oscillating in the radial direction
t = κτ, r = r(τ), φ3 = mσ, θ = constant, (3.4)
with m being the winding number. The only non trivial equation comes from the Virasoro
constraint
r˙2 +m2r2G cos2 θ = κ2. (3.5)
At this point we must notice that the fixed angle θ appears always in the combination
m cos θ and γ sin θ cos θ which allow us to rescalem and γ asm cos θ → m and γ sin θ cos θ →
γ respectively, assuming that θ is different from zero and pi/2.
We can write (3.5) in terms of an effective potential as
r˙2
m2
=
κ2
m2
− V (r). (3.6)
where V (r) is given by
V (r) =
r2
1 + γ2r4
, (3.7)
The behavior of the effective potential is depicted in Fig. 1. There is an unstable equilib-
rM
V
r
Figure 1: The effective potential in deformed Minkowski spacetime
rium point at r2M = 1/γ where the potential reaches its maximum value V (rM ) = 1/(2γ).
The points where the radial velocity vanishes are
r2± =
1
2γ2
m2
κ2
(
1±
√
1− 4γ2 κ
4
m4
)
, (3.8)
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and the condition for oscillatory motion implies that κ2/m2 ≤ 1/(2γ).
Now (3.5) can be rewritten as
dr
√
1 + γ2r4(
r2 − r2+
) (
r2 − r2−
) = γ κ dτ. (3.9)
Let us consider the case of small deformation γ << 1. Then the height of the potential is
very large and we can consider a highly excited pulsating string. Its radial motion will be
limited to r−. For small γ the turning points are
r2+ ≈
1
γ2
m2
κ2
(
1− γ2 κ
4
m4
)
, (3.10)
r2− ≈
κ2
m2
(
1 + γ2
κ4
m4
)
. (3.11)
In this situation γ2r4 < 1 and the square root in (3.9) can be expanded up to first order
in γ2 resulting in
r∫
0
dr
1 + γ2r4/2√(
r2 − r2+
) (
r2 − r2−
) = γ κ(τ − τ0), (3.12)
where τ0 is an integration constant. The integrals can be written in terms of elliptic
functions. Notice that for vanishing γ2 we recover the results for flat spacetime discussed
for instance in [20].
In order to characterize the string dynamics we can compute the relation between the
string oscillation number and the energy. The oscillation number associated to the periodic
radial motion is N =
∮
Πrdr/2pi, where Πr is the momentum conjugated to r. To compute
Πr we take the Polyakov action for the ansatz (3.4)
S = −
√
λκ
2
∫
dτ
(
1− r˙2 +m2r2G) , (3.13)
to find that Πr =
√
λκr˙. Then
N =
√
λκ
2pi
∮
r˙dr =
√
λκ
2pi
∮ √
κ2 −m2V (r)dr (3.14)
= 2
√
λ
pi
γκ
∫ r−
0
dr
√
(r2 − r2+)(r2 − r2−)(1−
1
2
γ2r4), (3.15)
where in the last line we used the small γ limit. The integrals can be easily evaluated in
the limit of small γ and we get
N =
1
2
√
λ
κ2
m
(
1 +
5
16
γ2
κ4
m4
)
. (3.16)
We can then solve for the energy E =
√
λκ in the limit of small γ to find
E =
√
2λ1/2mN
(
1− 5
8
γ2
λ
N2
m2
)
. (3.17)
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Since adiabatic invariants can be used to probe the highly excited states of the quantum
theory the above expression can be regarded an approximation for the energy in the limit
of large quantum numbers in the radial direction. In what follows we will check that this
is indeed true.
Quantization will be performed by starting with the Nambu-Goto action for the ansatz
(3.4)
S = −m
√
λ
κ
∫
dt r
√
G
√
1− r˙2. (3.18)
We find that Πr =
√
λmr
√
Gr˙/
√
k2 − r˙2 and
H2 = Π2r + λm
2 r
2
1 + γ2r4
(3.19)
= Π2r + λm
2r2 − γ2λm2 r
6
1 + γ2r4
, (3.20)
where in the last line we split the potential in a term which is independent of γ and another
which depends on the deformation. If the deformation vanishes we get a radial harmonic
oscillator potential λm2r2. In order to proceed we assume that the wave function depends
only on r so we have to realize Π2r as the radial component of the Laplacian
Π2r = −
1√−g
d
dr
(√−g d
dr
)
. (3.21)
We will first consider the situation where we quantize only the radial motion on the de-
formed plane (3.2) ignoring the remaining coordinates, that is we take
√−g = r cos θ√G
in (3.21). In this situation we expect to reproduce (3.17) for higher quantum numbers.
The Schro¨dinger equation to be solved is then
H2Ψ = −1
r
d
dr
(
r
dΨ
dr
)
+ λmr2Ψ + 2γ2r3
dΨ
dr
− γ2λm2 r
6
1 + γ2r4
Ψ = E2Ψ, (3.22)
where we took the limit of small deformation in the third term. To solve (3.22) we will
use standard perturbation theory. First we have to choose the unperturbed Hamiltonian.
We can either choose the two first terms or the three first terms. In the last case we are
considering the quantization in the deformed space while in the first one we are regarding
the deformation as a perturbation and quantizing in the undeformed space. Either way we
get the same result at the end. So we choose as the unperturbed Hamiltonian the first two
terms of (3.22) and find that the normalized wave function is
Ψn(r) =
√
2λ1/2m e−
1
2
√
λmr2Ln(
√
λmr2), (3.23)
where Ln are Laguerre polynomials. For highly excited states we have
E20,n = 4
√
λmn, (3.24)
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or E0,n =
√
2λ1/2m(2n). Since we are quantizing a radial harmonic oscillator we expect
that its energy depends only on even integers. Comparison with the lowest order of (3.17)
shows complete agreement if the oscillation number is quantized as 2n.
The first order correction to the energy for small deformation is
δE2n = 2γ
2
∫ ∞
0
dr r4Ψ?n
dΨn
dr
− γ2λm2
∫ ∞
0
dr
r7
1 + γ2r4
|Ψn|2
= 2
γ2√
λm
n− 20 γ
2
√
λm
n3. (3.25)
The first term can be disregard for large n and the energy is then
En =
√
2λ1/2m(2n)
(
1− 5
8
γ2
λ
(2n)2
m2
)
. (3.26)
As expected it agrees with (3.17) if we assume that the oscillation number N is quantized
with eigenvalue 2n.
We can capture some of the quantum effects of the deformed ten dimensional space by
taking in Π2r the contribution of all dimensions by choosing
√−g = r5√G . . . where the
dots represent terms which do not depend on r and cancel out in (3.21). We also assume
that the wave function depends only on the radial coordinate. The Schro¨dinger equation
for H2 reads now
H2Ψ = − 1
r5
d
dr
(
r5
dΨ
dr
)
+ λm2r2Ψ + 4γ2r3
dΨ
dr
− γ2λm2 r
6
1 + γ2r4
Ψ = E2Ψ, (3.27)
where in the third term we already took the limit of small deformation. Again we take the
unperturbed potential as that of the radial harmonic oscillator and consider the last two
terms as perturbations. The normalized wave function is now
Ψn(r) =
√
2λ3/4
m3/2
n
e−
√
λmr2/2L(2)n (
√
λmr2), (3.28)
where L
(2)
n are generalized Laguerre polynomials. The energy for high quantum number
is still given by the former result (3.24). This happens because only the zero point con-
tribution to the energy changes with the dimension and in the limit of large n it can be
ignored.
Now we have two corrections coming from the deformation. The first one is the r6/(1+
γ2r4) perturbation in the potential term in (3.27). For large n it gives the same correction
of order n3 as in (3.25) even though the wave function and the number of dimensions are
different. The second correction in (3.27) has a derivative term and in the limit of large n
we get
δ
′
E2n = −32
γ2√
λ
n
m
. (3.29)
It is of order n while the first term is of order n3 so it can be disregarded. This means
that in the large n limit we get the same result (3.26) as in the planar case. This shows
that for a highly excited string the classical result (3.17) can be straightforwardly taken to
quantum case when N is quantized as 2n.
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4. Pulsating Strings in the Deformed Sphere of AdS5 × S5γˆ
We now consider a pulsating string in the deformed sphere of AdS5× S5γˆ . We assume that
in the AdS5 sector (2.2) we have Ψ = Φ1 = Φ2 = 0 while in the S
5
γˆ sector (2.7) we take
φ1 = φ2 = 0 and ψ = pi/2 so that we still have a deformed sphere inside S
5
γˆ . In this
situation the metric reduces to
ds2 = R2
(− cosh2 ρ dt2 + dρ2 + dθ2 +G sin θ2 dφ23) , (4.1)
while B2 = C2 = 0, and now G = 1/(1 + γˆ
2 sin2 θ cos2 θ).
We consider the following ansatz for a pulsating string wound m times along φ3 in the
deformed sphere
t = κτ, ρ = ρ(τ), θ = θ(τ), φ3 = mσ. (4.2)
The equations of motion are satisfied if ρ is constant, so we take the string at the center
of AdS5. Together with the Virasoro constraints we get the only non-trivial equation
θ˙2 − κ2 +m2G sin2 θ = 0. (4.3)
As before we introduce an effective potential as
θ˙2
m2
=
κ2
m2
− V (θ)
V (θ) =
sin2 θ
1 + γˆ2 sin2 θ cos2 θ
. (4.4)
which is plotted in Fig.2. The potential has a maximum at pi/2 with value 1 so that there
are two situations to be analyzed. If κ2/m2 < 1 then there is a turning point so that θ is
limited to a maximum value θ+. In this case the energy is small E
2 < λm2 and we have
a short string oscillating on the deformed sphere. If κ2/m2 > 1 then E2 > λm2 and there
are no turning points. We now have a string oscillating all the way from the equator to
one of the poles of the deformed sphere.
Π2 Θ
1
V
Figure 2: The effective potential in AdS5 × S5γˆ
We can rewrite (4.3) as
θ˙2
m2
= γˆ2
κ2
m2
(sin2 θ+ − sin2 θ)(sin2 θ − sin2 θ−)
1 + γˆ2 sin2 θ cos2 θ
, (4.5)
– 8 –
where, in the limit of small deformation, we have
sin2 θ+ =
κ2
m2
[
1 + γˆ2
κ2
m2
(
1− κ
2
m2
)]
, sin2 θ− = − 1
γˆ2
1
sin2 θ+
. (4.6)
For κ2/m2 < 1 there is one turning point θ+ while for κ
2/m2 > 1 there is none.
To find out the oscillating number we need the Polyakov action for the ansatz (4.2)
S = −
√
λκ
2
∫
dτ(cosh2 ρ− ρ˙2 − θ˙2 +m2 sin2 θG), (4.7)
from which it follows that Πθ =
√
λκθ˙. Then the oscillating number is
N =
1
2pi
∮
Πθ dθ =
1
2pi
√
λκ
∮
θ˙ dθ. (4.8)
Let us consider first the case of short strings when κ2/m2 < 1. The oscillation number
in this case is given by
N =
2
√
λ
pi
κ
sin θ+
∫ θ+
0
dθ
√
sin2 θ+ − sin2 θ
[
1 +
1
2
γˆ2(sin2 θ+ − cos2 θ) sin2 θ
]
. (4.9)
The integrals reduce to elliptic functions which still are γˆ dependent. After further expan-
sion in γˆ we find
N =
2
√
λ
pi
m
[
E
(
κ2
m2
)
−
(
1− κ
2
m2
)
K
(
κ2
m2
)]
+ γˆ2
√
λ
pi
m
[
− 1
15
(
2 + 3
κ2
m2
− 8 κ
4
m4
)
E
(
κ2
m2
)
+
2
15
(
1− κ
2
m2
)(
1 + 2
κ2
m2
)
K
(
κ2
m2
)]
,
(4.10)
where K and E are complete elliptic integrals of the first and second kind respectively. The
string energy E =
√
λκ can be used to eliminate κ and allows to find the relation between
the energy E and the oscillation number N . To do that we have to expand the elliptic
functions and we have to assume that E/(
√
λm) is small. We then obtain
E =
√
2λ1/2mN
[
1− 1
8
N√
λm
− 5
128
(
N√
λm
)2
+ . . .
]
− 3
√
2
8
γˆ2
N3/2
(
√
λm)1/2
[
1− 41
24
N√
λm
+
193
384
(
N√
λm
)2
+ . . .
]
. (4.11)
As expected there is a natural small expansion parameter N/(
√
λm) involving the oscilla-
tion number so we are in the regime of low quantum numbers. Also our results reduce to
the AdS5×S5 results [7] in the undeformed case. Notice we can not perform the quantiza-
tion for strings with very large energy because we had to assume that E/(
√
λm) is small
when the elliptic functions were expanded.
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When κ2/m2 > 1 the oscillation number is
N =
2
√
λ
pi
κ
sin θ+
∫ pi/2
0
dθ
√
sin2 θ+ − sin2 θ
[
1 +
1
2
γˆ2(sin2 θ+ − cos2 θ) sin2 θ
]
. (4.12)
After taking the limit of small deformation and expanding the elliptic functions we get
N = 2
√
λκ
pi
E
(
m2
κ2
)
+
1
15
γˆ2
√
λκ
pi
[
−2
(
1 +
3
2
κ2
m2
− 4 κ
4
m4
)
E
(
m2
κ2
)
+
(
1− κ
2
m2
)(
1 + 8
κ2
m2
)
K
(
m2
κ2
)]
. (4.13)
The elliptic functions can be expanded in order to express the energy in terms of the
oscillation number. In order to do that we have to assume that E/(
√
λm) is large and we
obtain
E = N
1 + 1
4
(√
λm
N
)2
− 1
64
(√
λm
N
)4
+ . . .

− 1
32
γˆ2λ
m2
N
1− 3
16
(√
λm
N
)2
+
5
128
(√
λm
N
)4
+ . . .
 . (4.14)
Now the small expansion parameter is
√
λm/N so we can consider the regime of large
quantum numbers.
To quantize the string we consider the Nambu-Goto action for the ansatz (4.2). Going
to the Hamiltonian formalism we get
Πρ =
√
λm sin θ
√
G√
cosh2 ρ− ρ˙2 − θ˙2
ρ˙, (4.15)
Πθ =
√
λm sin θ
√
G√
cosh2 ρ− ρ˙2 − θ˙2
θ˙, (4.16)
and
H2 = cosh2 ρ (Π2ρ + Π
2
θ + λm
2G sin2 θ),
= cosh2 ρ [Π2ρ + Π
2
θ + λm
2 sin2 θ(1− γˆ2 sin2 θ cos2 θ)], (4.17)
where in the last line we took the limit of small deformation. For the moment let us
consider the string sitting at the center of AdS. Firstly we will quantize the string in the
deformed sphere (4.1). Then Π2θ has to be realized like (3.21) (with r replaced by θ) using√−g = √G sin θ. For small deformation the Schro¨dinger equation reads
H2Ψ = − 1
sin θ
d
dθ
(
sin θ
dΨ
dθ
)
+ γˆ2 sin θ cos θ(1− 2 sin2 θ)dΨ
dθ
+ λm2 sin2 θ(1− γˆ2 sin2 θ cos2 θ)Ψ = E2Ψ. (4.18)
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Taking the first term as the unperturbed Hamiltonian the normalized eigenfunctions are
written in terms of Legendre polynomials
Ψn(θ) =
√
2n+ 1Pn(cos θ), (4.19)
with eigenvalue E20,n = n(n + 1). For highly excited strings E0,n = n and it agrees with
lowest order term in (4.14) if the oscillation number is quantized as an integer.
The first order correction to the energy is then computed in perturbation theory. For
highly excited states we find
δ1E
2
n =
=
∫ pi/2
0
dθ sin θΨ?n
[
γˆ2 sin θ cos θ(1− 2 sin2 θ) d
dθ
+ λm2 sin2 θ(1− γˆ2 sin2 θ cos2 θ)
]
Ψn
=
1
2
λm2
(
1− 1
8
γˆ2
)
. (4.20)
The second order correction can also be computed in the large n limit and we get
δ2E
2
n =
1
32
λ2m4
n2
(
1− 1
8
γˆ2
)
. (4.21)
We then find for the energy of highly excited string states
En = n
[
1 +
1
4
λm2
n2
− 1
64
(
λm2
n2
)2
+ . . .
]
− 1
32
γˆ2
λm2
n
[
1− 3
16
λm2
n2
+ . . .
]
, (4.22)
in perfect agreement with the classical expression (4.14) for the energy if the oscillation
number is quantized as n. This is expected because we are quantizing in the deformed
sphere. It should be noticed that we could have used as the unperturbed Hamiltonian the
first two terms of (4.18) which come together from the Laplacian on the deformed sphere
but the result is the same.
We can now include the effects of the full ten dimensional deformed spacetime on θ by
taking
√−g = √G sin3 θ cos θ . . . in Π2θ, that is,
Π2θ =
1
G sin3 θ cos θ
d
dθ
(
G sin3 θ cos θ
d
dθ
)
=
1
sin3 θ cos θ
d
dθ
(
sin3 θ cos θ
d
dθ
)
− 2γˆ2 sin θ cos θ(1− 2 sin2 θ) d
dθ
. (4.23)
Taking the first term of (4.23) as the unperturbed Hamiltonian in (4.17) the normalized
eigenfunctions are expressed in terms of Jacobi polynomials as
Ψn(θ) = 2
√
n+ 1P (0,1)n (1− 2 cos2 θ), (4.24)
with eigenvalue E20,n = 4n(n+ 2). Then E0,n = 2n for large n and we get agreement with
the lowest order term of (4.14) if the oscillation number is quantized as an even integer.
Now the wave function is even about θ = pi/2.
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The first order correction to the energy in the limit of large n is
δ1E
2
n =
∫ pi/2
0
dθ sin3 θ cos θΨ?n
[
2γˆ2 sin θ cos θ(1− 2 sin2 θ) d
dθ
+λm2 sin2 θ(1− γˆ2 sin2 θ cos2 θ)]Ψn
=
1
2
λm2
(
1− 1
8
γˆ2
)
− γˆ2. (4.25)
This is precisely the result (4.20) with an extra term which came from the one derivative
contribution in (4.23). This contribution is at the same order of 1/n as the other terms.
In the case of the deformed Minkowski spacetime (3.25) they were of different orders and
the corresponding term was of lower order. To second order we find
δ2E
2
n =
1
128
λ2m4
n2
(
1− 1
8
γˆ2
)
+
1
32
γˆ2
λm2
n2
, (4.26)
and again we find an extra term which was absent in the deformed Minkowski spacetime
case. Notice that the Hamiltonian mixes terms of order γˆ2 and λm2 so that both corrections
are present in the energy. Then the energy of highly excited states is
E = 2n
[
1 +
1
4
λm2
(2n)2
− 1
64
(
λm2
(2n)2
)2
+ . . .
]
− 1
32
γˆ2
λm2
2n
(
1− 3
16
λm2
(2n)2
+ . . .
)
− 1
4
γˆ2
n
.
(4.27)
The extra contributions coming from the corrections to the energy in (4.25) and (4.26)
gave rise to the last term γˆ2/(4n). Up to this term we have agreement with (4.14) if the
oscillation number is quantized as 2n.
Finally we can incorporate some contribution from the AdS sector along the lines of
[20]. We can consider the term Π2ρ in (4.17) and its contribution to the energy. We find
that for the unperturbed Hamiltonian there is a shift in the energy E → E + 2(Nρ + 1)
where Nρ is the quantum number associated to ρ. Since we are considering highly excited
oscillation states we can ignore Nρ assuming that the wave function is concentrated at the
origin of the AdS allowing us to take ρ = 0 so that the energy is just shifted by 2. The
same result holds when we include the deformation because the structure of the equations
in AdS remains intact.
5. Conclusions
We have considered pulsating strings in deformed Minkowski spacetime and AdS5×S5γˆ for
small deformation. At the classical level we have found the relation between the oscillation
number and the energy. For AdS5 × S5γˆ the oscillation number can be expressed in terms
of elliptic functions. We have different expansions for low and large energy strings. Since
the oscillation number is an adiabatic invariant it can be used to probe the semi-classical
regime when N is very large. We then performed the quantization for highly excited
string states. In the deformed Minkowski spacetime the radial quantization lead to wave
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functions which are generalized Laguerre polynomials. The energy can then be computed
in perturbation theory and corresponds to the expression of the classical energy if the
oscillation number is quantized as an even number. For the AdS5×S5γˆ we have found that
the oscillation number can be expressed in terms of elliptic functions which have different
forms depending on whether we consider small or large energy. The quantization in the
low energy regime, corresponding to short strings, has been performed in [7]. We have
quantized the oscillatory motion of the string in the large energy case and found that wave
functions are Jacobi polynomials. The energy was computed in perturbation theory and
we found one extra term which was not predicted by the classical relation between the
energy and the oscillation number. The oscillation number has to be quantized as an even
number and the extra term depends exclusively on the deformation and not on the string
tension or the winding number. It would be interesting to study the stability of this class
of strings along the lines of [13].
It is known that the gauge theory operator dual to pulsating strings in AdS5 × S5 is
composed of non holomorphic products of the complex scalar fields and that there is a
precise match between the energy and the anomalous dimension [21, 24, 34, 35]. It would
be interesting to extend these results to the deformed case using the results of [17].
As a last remark we note that for a rotating string in AdS5×S5γˆ with angular momentum
J and winding number m it is known that its energy can be obtained from the AdS5 × S5
energy simply by replacing |m| by |m + 12 γˆJ | [13]. This is also true for the fluctuations
around the classical solution. For pulsating strings it is easily seen that no such property
is present.
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